Introduction
Beveloid gears, also known as conical involute gears, can be viewed as involute gears with profile-shifted coefficient decreasing from the heel to the toe. Therefore, undercutting occurs and singular points appear on the negative profile-shifting tooth near the toe. Undercutting is an important aspect of gear design and manufacturing. It may cause weakness of gear strength, stress concentration and gear mismatch during gear meshing. When undercutting occurs, the strength of the gear is comparatively weak, resulting in a shortened service life of the gear set.
Beveloid gears have received considerable attention. In a pioneering work, Merritt ͓1͔ and Beam ͓2͔ proposed the basic characteristics and potentials of beveloid gears. Mitome ͓3-11͔ published the majority of the research on this subject. These investigations, however, focused largely on theoretical analyses, manufacture, measurements and bearing tests of beveloid gears. A complete mathematical model was not developed for beveloid gear tooth contact simulations. This study not only develops the mathematical model of beveloid gear according to the taper hobbing method ͓3,7͔ but also determines the conditions of tooth undercutting by adopting the method proposed by Litvin ͓12,13͔. Meanwhile, specific phenomena of undercutting on the beveloid gear tooth are investigated by numerical illustrated examples. According to the results of undercutting analysis, two practicable methods that prevent the tooth undercutting of beveloid gears are also discussed in this study. One is the asymmetrical normal pressure angles for helical beveloid gear, and the other is the beveloid gear with varying working depth.
Mathematical Model of Beveloid Gears
2.1 Generation Concept. According to Merritt's generation concept ͓1͔, a beveloid gear can be generated by a basic rack whose pitch plane intersects with the axis of the gear and forms an angle equal to the generating cone angle. In practice, the most conventional method of beveloid gear manufacturing is the taper hobbing proposed by Mitome ͓3,7͔. The imaginary rack cutter, which can be considered as the envelope generated by the hob in the space, is used to simulate the generating process of beveloid gears in this study. 
Mathematical
where superscripts ''l'' and ''r'' denote the left and right side straight edges which generate the left and right side active tooth surfaces of the beveloid gear, respectively. The upper sign of Eq. ͑1͒ indicates the left side straight edge, while the lower sign represents the right side straight edge. According to Fig. 1 , l
ជ ͉ represents the design parameter; ␣ n (i) denotes the normal pressure angle, and symbols P n and p n represent the gear diametral pitch and circular pitch, respectively.
Similarly, the left and right side fillets on the normal section of the imaginary rack cutter, which generate the fillet surfaces of the gear, can be expressed in coordinate system S n as follows:
where 0р (i) р(90 degϪ␣ n (i) ) and (i) represents the design parameter that determines the coordinates of any point on this fillet.
To obtain the imaginary rack cutter surface, the normal section of the imaginary rack cutter is attached to the plane X n ϪY n and translated along the line O p O n with respect to the coordinate system S p (X p ,Y p ,Z p ), as illustrated in Fig. 2 . Herein, uϭ͉O p O n ជ ͉ is a design parameter of the imaginary rack cutter surface. The profile of the imaginary rack cutter can thus be traced out in coordinate system S p , and the plane Y p ϪZ p can be regarded as the pitch plane of the imaginary rack cutter. The angle ␤, which determines the direction of tooth trace, is the helix angle on the pitch plane of imaginary rack cutter. In order to simulate the taper hobbing process, the coordinate system S p is then set to form an
Equations ͑3͒ and ͑5͒ result in the unit normal to the straight-edge surfaces of imaginary rack cutter as follows:
Equations ͑4͒ and ͑5͒ result in the unit normal to the fillet surfaces of imaginary rack cutter as follows:
and n zc
2.3 Mathematical Model of Beveloid Gear Tooth Surface. Figure 3 schematically depicts the gear generation mechanism and the coordinate relationship between the plane axode and the gear axode. Herein, r 1 and P 0 denote the pitch radius and pitch point of the generated beveloid gear, and 1 represents the gear rotation angle in the generating process. The coordinate system S f (X f ,Y f ,Z f ) represents the fixed coordinate system, while S 1 (X 1 ,Y 1 ,Z 1 ) is the coordinate system attached to the generated gear, and S c is the plane axode coordinate system attached to the imaginary rack cutter. Based on the theory of gearing ͓12,13͔, the mathematical model of the generated tooth surface can be attained by simultaneously considering the equation of meshing together with the locus of the imaginary rack cutter represented in gear coordinate system S 1 . The mathematical model of the beveloid gear can be obtained and represented in coordinate system S 1 as follows: 
Equation ͑8͒ is the locus of rack cutter surface R c represented in coordinate system S 1 , and Eq. ͑9͒ represents the equation of meshing. Herein, X c , Y c and Z c are the coordinates of a point on the instantaneous axis of gear rotation I-I, which is represented in coordinate system S c ; n xc , n yc and n zc are the directional components of the surface unit normal n c . Equations ͑6͒-͑9͒ yield the generated tooth surface in coordinate system S 1 as follows:
where 1 ϭ͑ y c n xc Ϫx c n yc ͒/͑ r 1 n xc ͒.
Herein, Eq. ͑11͒ comes from Eq. ͑9͒. Substituting Eqs. ͑3͒ and ͑6͒ and Eqs. ͑4͒ and ͑7͒ into Eqs. ͑10͒ and ͑11͒ allow us to obtain the mathematical model of the beveloid gear represented in coordinate system S 1 .
Undercutting Analysis
Mathematically, the phenomenon of tooth undercutting is the appearance of singular points on the active tooth surface. To compute the singular points on the active tooth surface and determine their corresponding parameters on the straight-edge surface of imaginary rack cutter, this work adopts the method proposed by Litvin ͓12,13͔ which considered the relative velocity and equation of meshing between the imaginary rack cutter and generated gear.
Calculation of Relative Velocity.
According to the generation mechanism mentioned above, the absolute velocities of the imaginary rack cutter and generated gear can be decomposed into two components: transfer velocity V tr and relative velocity V r . Due to the continuity of contact between the cutter and generated tooth surface, the absolute velocities of the imaginary rack cutter and generated gear are the same at the point of contact and can be related as
or
where subscript ''r'' represents the relative motion over the cutter surface and subscript ''tr'' represents the transfer motion with the imaginary rack cutter and generated gear. Superscript ''c'' represents the cutter and superscript ''1'' represents the generated gear. According to Fig. 3 , the relative velocity between the imaginary rack cutter and generated gear can be represented in S c coordinate system as follows:
where
and
Herein, 1 is the angular velocity of the generated gear and can be obtained by d 1 /dt.
Conditions of Undercutting.
The surface tangent T exists at any regular point on the active tooth surface, i.e., T 0.
Based on differential geometry, the tangent vector T to the generated surface is collinear with its relative velocity V r (1) . When undercutting occurs, a singular point appears on the active tooth surface and the tangent vector becomes Tϭ0 at this singular point. Restated, the relative velocity at a singular point on the active tooth surface equals zero, that is
Since the surface coordinates of imaginary rack cutter are l and u for the straight-edge surface that generates the active tooth surface of beveloid gears, Eq. ͑17͒ can be decomposed into three components along X c -axis, Y c -axis and Z c -axis as follows:
Recalling that either Eq. ͑9͒ or Eq. ͑11͒ represent the equation of meshing between the generated tooth surface and the imaginary rack cutter. It is rewritten here for convenience:
Differentiation of the equation of meshing, i.e., Eq. ͑21͒, yields
Equations ͑18), (19͒, ͑20͒, and ͑22͒ form a system of four linear equations with two unknown dl /dt and du/dt which provide a method for determining the conditions of gear undercutting. The system of equations possesses a unique solution if the rank of the matrix
is equal to two. This yields the following three equality equations: 
Equation ͑24͒-͑26͒ can be applied to determine the conditions of singularity, and the sufficient condition for singularity can be represented by
Thus, the undercutting condition on the active tooth surface of the proposed beveloid gear can be calculated by applying the numerical method with Eq. ͑27͒. By applying the method mentioned above, undercutting conditions can be calculated and undercutting lines can be plotted on the beveloid gear tooth surfaces by applying the computer graphical method. Illustrative examples are presented to demonstrate the effectiveness of the proposed mathematical model and undercutting analysis.
Example 1: Tooth Undercutting of Straight Beveloid Gears. Table 1 summarizes some major design parameters of the straight beveloid gear with ␤ϭ0 deg. Figure 4 shows the undercutting lines that were numerically solved by the developed computer programs. Notably, a beveloid gear can be viewed as an involute gear of which the profile-shifted coefficient linearly decreases from heel to toe. Therefore, the tooth undercutting lines appear near the toe of the beveloid gear tooth surface where negative profile-shifting becomes severe. Owing to the symmetry of straight beveloid gear teeth, the undercutting is symmetrical on both sides of the tooth surfaces. Example 2: Tooth Undercutting of Helical Beveloid Gears. Figure 5 illustrates the tooth undercutting of a helical beveloid gear. The major design parameters are chosen the same as those listed in Table 1 . The helix angle on the pitch plane of the imaginary rack cutter is ␤ϭ15 deg ͑right handed͒. As illustrated in Fig.  5 , the undercutting lines appear only on the right side of the tooth surfaces. This phenomenon is due to the fact that the gear has different pressure angles for the left and right side tooth surfaces on the plane of rotation. The detail will be discussed in the next section.
Tooth Profile Analysis on the Plane of Rotation
In 1983, Mitome proposed the parametric design of the beveloid gear. That investigation also proposed the tooth undercutting condition of beveloid gears by the limitation of the base circle. To verify the accuracy of the proposed mathematical model and undercutting analysis, the tooth profile on the plane of rotation is discussed hereinafter. Theoretically, a beveloid gear can be represented as an infinite succession of two-dimensional involute gears with profile-shifted coefficient linearly decreasing from heel to toe. To express the profile of the imaginary rack cutter on the plane of rotation ͑i.e. X c ϪY c plane͒, the third item of Eq. ͑3͒ can be adapted as follows:
where iϭl and r. Similarly, the third item of Eq. ͑4͒ can be adapted as follows: 
where iϭl and r. Considering the first two items of Eq. ͑3͒ together with Eq. ͑28͒ and the first two items of Eq. ͑4͒ together with Eq. ͑29͒, the profile of the two-dimensional imaginary rack cutter can be obtained and expressed on the plane of rotation by treating z c as a constant. By taking the arctangent to the slope of the straight edges of the two-dimensional imaginary rack cutter, the pressure angles on the plane of rotation can be obtained and expressed by:
where iϭl and r. Substituting the profile of the two-dimensional imaginary rack cutter into Eqs. ͑10͒ and ͑11͒ results in the profile of the beveloid gear on the plane of rotation. According to the fundamentals of an involute gear, the base radius of the beveloid gear can be expressed as:
where iϭl and r. Therefore, the straight beveloid gear discussed in Example 1 and helical beveloid gear obtained in Example 2 can be analyzed and illustrated on the plane of rotation. By applying Eq. ͑30͒, the left and right side pressure angles of the straight beveloid gear on the plane of rotation are ␣ t (l) ϭ␣ t (r)
ϭ18.882 deg, as shown in Fig. 6͑a͒ . Thus, the profile of straight beveloid gear tooth on the plane of rotation is symmetrical, and the base radius can be calculated as r b (l) ϭr b (r) ϭ59.1368 mm. The coordinates of some undercutting points on both sides of the tooth surfaces are calculated and listed in Table 2 . By calculating the distances from the gear axis ͑i.e. Z 1 -axis͒ to these undercutting points, all undercutting points are found located on the base cylinder with r b (l) ϭr b (r) ϭ59.1368 mm. This result satisfies the fundamentals of an involute gear and also verifies the accuracy of the proposed undercutting analysis. Observing the tooth profiles on the planes of rotation with Z 1 ϭ10 mm and Z 1 ϭϪ10 mm, as shown in Fig. 6͑a͒ , the long addendum tooth with a positive profile-shifted coefficient and the short addendum tooth with a negative profile-shifted coefficient may appear near the heel and the toe, respectively. The demonstration of the loci of the imaginary rack cutter and the generated tooth profile on the plane of rotation avail the understanding of undercutting phenomenon near the toe. Figure 6͑b͒ illustrates the plane of rotation of the helical beveloid gear as discussed in Example 2. According to our results, the left and right side pressure angles of the helical beveloid gear on the plane of rotation are ␣ t (l) ϭ24.024 deg and ␣ t (r) ϭ14.705 deg. Therefore, the tooth profile is no longer symmetrical on the plane of rotation, and the base radius of the left and right side tooth surfaces of this helical beveloid gear can be calculated as r b (l) ϭ59.0997 mm and r b (r) ϭ62.5854 mm, respectively. The coordinates of some undercutting points on the right side tooth surface are calculated and listed in Table 3͑a͒ . By calculating the distances from the gear axis to these undercutting points, we can find that all undercutting points are located on the base cylinder with r b (r) ϭ62.5854 mm. The coordinates of undercutting points on the left side tooth surface are also listed in Table 3͑b͒ . Although all undercutting points are located on the base cylinder with r b (l) ϭ59.0997 mm, they only exist in the region of z 1 рϪ15.0801 mm, which is out of the range of the face width ͑i.e. Ϫ10 mmрx 1 р10 mm͒ of the beveloid gear we discussed herein. A comparison of the left and right side tooth surfaces on the plane of rotation reveals that tooth undercutting occurs only on the right Fig. 6 The profiles of rack cutter and generated beveloid gear on the plane rotation; "a… straight beveloid gear, "b… helical beveloid gear Table 2 Undercutting points of straight beveloid gears side tooth surface, which has a larger base radius caused by a smaller pressure angle. Figure 7 presents the helical beveloid gear tooth on the plane of rotation together with the base circles of the left and right side tooth surfaces, respectively. On the plane of rotation near the toe (Z 1 ϭϪ10 mm), the right side active tooth touches the base circle ͑i.e. radius r b (r) ͒ and has a singular point on it. However, the left side active tooth surface is located above the base circle ͑i.e. radius r b (l) ͒, and no singular point exists. Meanwhile, since the tooth has a positive profile-shifted coefficient on the plane of rotation near the heel (Z 1 ϭ10 mm), the entire active tooth profile is located above the base circles of radii r b (l) and r b (r) , thus, no undercutting occurs on either side of the tooth surface. Figure 8 illustrates the enlargement of tooth undercutting as demonstrated in Fig. 7 . Notably, the undercutting point acquired by solving the singularity may be treated as the ''theoretical undercutting point.'' After the generating process, part of the active tooth may be cut by the generation line of the fillet region and the ''theoretical undercutting point'' is no longer existent. As shown in Fig. 8 , the ''actual undercutting point,'' which can be solved by a numerical method, is the intersecting point of the generation lines of active tooth and fillet.
Undercutting Prevention
Referring to the fundamentals of an involute gear, some principals, such as positive profile shifting, a higher pressure angle, a larger number of gear teeth, the adoption of stub teeth, etc., were suggested to prevent tooth undercutting. In this section, two practicable methods are proposed to prevent tooth undercutting of beveloid gears.
Helical Beveloid Gear with Asymmetrical Normal
Pressure Angles. According to the tooth profile of helical beveloid gear on the plane of rotation shown in Fig. 6͑b͒ and Fig. 7 , tooth undercutting occurs only on the right side tooth surface, which has a larger base radius caused by a smaller pressure angle. By selecting a larger normal pressure angle for the right side of the imaginary rack cutter ͑Fig. 1͒, e.g., ␣ n (r) ϭ30 deg, the right side pressure angle on the plane of rotation thus becomes ␣ t (r) ϭ25.175 deg. As illustrated in Fig. 9 , the base radius of the right side tooth surface reduces to r b (r) ϭ58.5588 mm, which makes the whole right side active tooth surface located above the base circle, and no singular point exists. Therefore, this helical beveloid gear with asymmetrical normal pressure angles ͑i.e. ␣ n (l) ϭ20 deg and ␣ n (r) ϭ30 deg͒ not only prevent the tooth undercutting on the right side tooth surface, but also remain the advantage of small pressure angle, such as higher contact ratio and lower radial thrust, etc., for the left side tooth surface.
Beveloid Gear with Varying Working Depth.
As mentioned above, the undercutting condition of a beveloid gear can be considered as the limitation of the base circle. Therefore, Mitome ͓10͔ proposed the straight beveloid gear with stub teeth to avoid undercutting by reducing the cutting depth. Applying the proposed mathematical model, the beveloid gear with stub teeth can be acquired by choosing the parameter aϽ1.0/P n ͑refer to Fig. 1͒ . Though stub teeth prevent undercutting on the toe region, the active tooth profile in the central region of the tooth width where bearing contact located is also shortened. Thus, the contact ratio may decrease. In order to prevent tooth undercutting on the toe and to maintain a full working tooth on the central region of the tooth width, a new generating concept and a practicable hobbing method of novel type beveloid gear with varying working depth from the toe to the heel is proposed. The mathematical model of this novel type beveloid gear can be acquired by treating a ϭ(1.0ϩk u)/P n in the proposed mathematical model. Herein, the varying rate of tooth working depth is determined by k, which is a Fig. 9 The tooth profile of helical beveloid gear "␣ n "l… Ä20 deg, ␣ n "r… Ä30 deg… and base circles on the plane of rotation Transactions of the ASME constant in unit (1/mm). A novel type beveloid gear with stub teeth near the toe, full teeth in the central region and extended teeth near the heel can be obtained by choosing an appropriate value of k. Comparisons of the straight beveloid gear teeth with full, stub and varying working depths are illustrated in Fig. 10 . The bearing contacts are also plotted on the tooth surfaces. This novel type straight beveloid gear has stub teeth near the toe to prevent undercutting, and full teeth in the central region of tooth width to ensure the contact ratio. Though the extended tooth near the heel may become a pointed tooth, the application of beveloid gears does not become disfigured. Notably, the idea of varying working depth comes from the limitation of base circle. Therefore, this method is originally developed for the straight beveloid gear, whose base radii are the same for both sides of the tooth surfaces. However, by choosing proper asymmetrical normal pressure angles to let r b (l) ϭr b (r) , this method is also applicable to the undercutting prevention of helical beveloid gears.
To cut this novel type beveloid gear, a novel type hob cutter with varying cutting depths was designed as illustrated in Fig. 11 . The cutting depths of the hob cutter linearly increase from one end to the other. Figure 12 schematically depicts the inclining work-arbor taper hobbing ͓7͔ for the beveloid gear manufacture.
The cutting cone angle ␦ is given by inclining the work-arbor with respect to the feeding direction of the hob axis. As shown in Fig.  13 , by shifting the hob along its rotational axis during the taper hobbing process, the novel beveloid gear with varying working depth can be generated. Despite of rotating with angular velocity h , the hob moves simultaneously in vertical and hob shifting directions with velocities V v and V h , respectively. Herein, the setting angle of the hob cutter is ⌫. The relation between the gear blank and the axes of hobbing machines can be written as follows:
where 1 is the angular velocity of the gear blank; N h is the number of start of the hob cutter ͑i.e. number of the hob cutter teeth͒; N 1 is the number of the generated gear teeth, and L 1 is the lead of the generated gear. Equation ͑32͒ shows the gear blank rotation in terms of three independent variables h , V v and V h . By controlling these variables, the beveloid gear with varying working depth can be generated by CNC hobbing machines.
Conclusion
According to the developed mathematical model of beveloid gears, conditions of tooth undercutting have been derived. Some specific phenomena of undercutting on the beveloid gear tooth surface were investigated. To prevent tooth undercutting of beveloid gears, two practicable methods were also proposed. The results of this study help designers and manufactures to design and choose the proper parameters for manufacturing the beveloid gears without tooth undercutting. 
